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Abstract 

The conserved densities of hydrodynamic type system in Riemann invari- 
ants satisfy a system of linear second order partial differential equations. For 
linear systems of this type Darboux introduced Laplace transformations, gen- 
eralising the classical transformations in the scalar case. It is demonstrated 
that Laplace transformations can be pulled back to the transformations of 
the corresponding hydrodynamic type systems. We discuss periodic Laplace 
sequences of 2 x 2 hydrodynamic type systems with the emphasize on the 
simplest nontrivial case of period 2. 

For 3x3 systems in Riemann invariants a complete discription of closed 
quadruples is proposed. They turn to be related to a special quadratic re- 
duction of the (2 + l)-dimensional 3-wave system which can be reduced to a 
triple of pairwize commuting Monge- Ampere equations. 

In terms of the Lame and rotation coefficients Laplace transformations 
have a natural interpretation as the symmetries of the Dirac operator, as- 
sociated with the (2 + l)-dimensional n-wave system. The 2-component 
Laplace transformations can be interpreted also as the symmetries of the 
(2+l)-dimensional integrable equations of Davey-Stewartson type. 

Laplace transformations of hydrodynamic type systems originate from a 
canonical geometric correspondence between systems of conservation laws and 
line congruences in projective space. 
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1 Introduction and the main results 

Let us consider a two-component system of hydrodynamic type in Riemann invari 
ants 

Rj = \\R)R., 

Any system (1) possesses infinitely many conservation laws of hydrodynamic type 
/ u{R)dx with the conserved densities u{R) satisfying linear equation of the second 
order 

did2U = adiu + bd2U, (2) 

where 



A2-A1' A1-A2' 

di — Let also / be the flux, corresponding to the density u, that is, / satisfies 
the equation ut — fx or, equivalently, 

dif = XdiU for any i = 1,2, 

which are compatible due to (2). 

Applying to equation (2) the Laplace transformation 

U = u-—, 

we arrive at the similar equation with respect to U : 

did2U = AdiU + Bd2U, 

where 

A^a-d2lnb, B^b + di\nA. (3) 

(the inverse Laplace transformation U = considered analogously). It turns 

out that Laplace transformations can be pulled back to the transformations of the 
corresponding hydrodynamic type systems. Let us introduce the system 



R] = A\R)Rl, 
Rj = K\R)Rl 



(4) 



where the new characteristic velocities A^, A^ are connected with A^, A^ by the for- 
mulas 

Ai = \\ 

A2_\2 hd2\^ _ x2 1 (5) 

^ - - d2b-ab - d^d2X' 1 ■ 

diX^d2\^ ^ Ai - A2 
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Theorem 1 1. The conserved densities U of system (4) are given by the formula 

where u are conserved densities of system (1). 

2. The characteristic velocities W^,W'^ of commuting flows of system (4) are 
given by the formulas 

where 10^,10"^ are the characteristic velocities of commuting flows of system (1), i.e. 
solutions of the linear system (see 

b. 



3. The flux F of the conserved density U is given by the formula 

where f is the flux of u. 

The proof follows from the identities 



A2-A1' A1-A2' 



and 

diF = A'diU, i = l,2. 

which can be checked by a direct calculation. It is natural to call system (4) the 
Laplace transformation of system (1). Evidently Laplace transformations preserve 
the " integrability" : the conserved densities and commuting flows of system (1) are 
automatically transformed into the conserved densities and commuting flows of sys- 
tem (4) according to the formulas of theorem 1. In particular, solutions of system 
(1), specified by the hodograph formula (see 

vj-^ = X + A4, w'^ = X + X^t, 

are transformed into the solutions 

=x + AH, W'^ = x + AH, 
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of system (4). 

The inverse Laplace transformation U = corresponds to the interchange of 

indices 1 and 2 in formulas (5). Some further properties of Laplace transformations 
in the two-component case are discussed in sect. 2. 

Following [0 in sect. 5 we give the interpretation of Laplace transformation (5) 
as a discrete symmetry of the integrable equations of Davey-Stewartson type. 



Formula (5) results from the geometric construction of paper [T^, relating sys- 
tems of conservation laws with line congruences in the projective space. This corre- 
spondence is briefly discussed in sect. 6. 

Laplace transformations can be generalised to n x n systems in Riemann invari- 
ants 

Rl = y{R)K, (6) 

namely, for any pair of indices i ^ j we define transformation Sij, mapping system 
(6) into the new system 

Ri = AKR)Rl (7) 

with the characteristic velocities 

= 

Ai = A^' - ^ "^'j^'^^ — , (a-^ 



where aji - . 

Theorem 2 1. The conserved densities U of system (7) are given by the formula 

U = u , 

where u are conserved densities of system (6). 

2. The characteristic velocities of commuting flows of system (7) are given 
by the formulas 

W' = w\ 



ajidjW^ 

OjClji CLijCtji 
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where are the characreristic velocities of commuting flows of system (6), i.e so- 
lutions of the linear system (see 



^ - aij, i ^ j. 



— 

3. The flux F of the conserved density U of system (7) is given by the formula 

:diU 



F = f-X^- 



where f is the flux of u. 



We recall that the conserved densities u of system (6) satisfy an overdetermined 
system of linear second order equations 

didjU = OijdiU + ajidjU, i ^ j, (9) 

with the compatibility conditions 

which we always assume to be satisfied. Systems (6), satisfying these compatibility 
conditions, are called semihamiltonian and can be integrated by the generalised 
hodograph transform [^. The formula 

U = u 

defines Laplace transformation Sij of linear system (9) - see Darboux p. 274. As 
one can verify directly, U satisfies the system 

didjU = AijdiU + AjidjU, i ^ j, 

with the coefficients A given by the formulas 

Aij Oj^j Oj ln(2jj, 

Aji = Oji + di In Aij , 

Ak = a,k (l - 5) , 
Ak^ = aki + ^i\n(l-^) , (10) 

Ajk = ttjk + dk In Aij, 
Ak,=akj + d,\n(l-^), 

Aki = aki + di In (l - ^) , 
5 



where k, I i,j (compare with |T3[, |T^). The nonsymmetry of these expressions is 
due to the distinguished role played by the indices i and j in the definition of the 
Laplace transformation Sij. Laplace transformations preserve the semihamiltonian 
property and hence map integrable systems to integrable. 

In the case n = 2 there is actually only one transformation 5'i2 since *S'i2 0*521 = 'id- 
Some further properties of transformations Sij are discussed in sect. 3, where we 
propose also a complete description of quadruples of 3 x 3 systems, which are closed 
under all Laplace transformations Sij. 

In section 4 formulas for Laplace transformations of the Lame and rotation co- 
efficients are presented. 



2 Laplace transformations of two-component sys- 
tems. Sequences of period 2. 

Iterating Laplace transformations according to formulas (5) we arrive at the infinite 
sequence of systems with the characteristic velocities being consequtive solutions of 
the integrable chain 

' +. ... (11) 



aiA"a2A" A" - A"-i A" - A'^+i 

so that the Laplace transformation of the system with characteristic velocities 
(A"~^,A") is the system with characteristic velocities (A^jA""*"^). In terms of the 
coefficients 



the chain (11) assumes the form 

^la" = a"(6"+^ - fe"), ^26" = 6"(a"-^ - a") 
and after the substitution 



Ina'^fo" = In 



(A"+i - A")(A"-i - A") 
reduces to the well-known Toda chain 

<9ia2g" = 2e^" - e"^"^' - e^""\ (12) 

Chain (11) appeared recently in 0] as a symmetry of the (2+l)-dimensional inte- 
grable equations of Davey-Stewartson type - see sect. 5. 

A number of interesting results in the theory of Laplace transformations have 
been derived while studying periodic sequences. It was demonstrated in that 
periodic sequences are ultimately connected with the spectral theory of the two- 
dimensional Shroedinger operator. It turns out, that any periodic sequence of 
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Laplace transformations of second order equations (2) can be pulled back to the 
periodic sequence of Laplace transformations of the corresponding hydrodynamic 
type systems. This pull-back is governed by periodic reductions of chain (11). 

Example. Let us consider periodic sequence of Laplace transformations of pe- 
riod 2, where equation (2) with coefficients (a, b) transforms first into equation 
(2) with coefficients {A,B), and than back into (a, 6). It follows from (3) that 
Aa — ip2{R'^), Bh — ipi{E}), where the functions can be reduced to ±1 by a 
change to the new Riemann invariants, so that we can assume Aa = ±1, Bb — ±1. 
In what follows we consider the case A= I, 5 = i so that our Laplace sequence 
can be schematically represented as follows: 

(a,6)^(^,l)^(a,6). (13) 
Moreover, the coefficients a and b must obey the equations 

d2lnb = a — -, dilna = b—j, (14) 
a b 

which are equivalent to the sh-Gordon equation 

8182'^ = 4:Sh if, 

for (p — \nab. The periodic pull-back, corresponding to the sequence (13), is of the 
form 

where = A^, = A^, as follows automatically from (5). Here a, 6, A^,A^ are 
connected by the formulas 

d2X^ _ „ diX^ _ I. 

A2-A1 ~ A1-A2 — 

(15) 

a2A^ — 1 di\^ — 1 

A1-A2 ~ a' A2-A1 ~ 6' 

which are compatible due to (14). One can show that A^, A^ satisfy the second order 
system 

did2\^ _ 2 did2\^ _ 2 

d^X'd2X^ ~ Ai - A2' diX''d2\^ ~ A^ - A^ ' 

which is just periodic reduction of chain (11) of period 2: A^ = A^, A^ = A^ and 
can be obtained by varying the Lagrangian 



diX^d2X^ 



(Ai - A2)2 



Formulas (15) describe periodic pull-back of Laplace sequence of period 2. This pull- 
back is defined uniquely up to transformations A^ — > pX^ + A^ — > pA^ + q, p,q = 
const. Let us point out that applying Laplace transformations to commuting ffows 
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with the characteristic velocities w^,w'^, which do not satisfy the restrictions (15) 
(although correspond to the same a,b), we will not return back after going round 
the cycle. 

Remcirk. For any periodic sequence of Laplace transformations of period two 

{a,b)^{-,-)^{a,b) 
a 

one can construct nonperiodic pull-back of the form 

where = const. Here a, b, w^, vo^ are connected by the formulas 



d2W^ 


= a, 












_ 1 




1 




a' 




b 



(16) 



The linear system (16) is compatible and manifests the spectral problem for equa- 
tions (14) with the spectral parameter jx. It follows from (16) that (A^, A^) are the 
components of the wave function {w^^w^) at the point fi = 1. 

The situation with periodic sequences of an arbitrary period n is completely anal- 
ogous, namely, for any periodic sequence of Laplace transformations of second order 
equations of period n there exists exactly n-parameter family of periodic sequences 
of systems of hydrodynamic type with the same period. In a similar way (consider- 
ing nonperiodic pull-backs) one can construct spectral problems, corresponding to 
periodic sequences of Laplace transformations of an arbitrary period n. 

Let us discuss now another question, concerning Laplace sequences of period two 

(a,b)^{-,h^(a,b), 

a b 

namely, the existence of periodic sequences of solutions. Applying two consequtive 
Laplace transformations in the direction to the initial solution u of equation (2) 

did'iU — adiu + bd2U, 

and keeping in mind the conditions A — ^, B — ^ (see the example), we obtain a 
new solution ^ ^ ^ 

Li(u) = d^u - (^ + b+ j)diu + u, 
b 

which does not necessarily coincide with u. In this sense transformation Li is a 
recursion operator for the equation (2). In a similar way one can construct another 
recursion operator 

L2{u) = — ( \- a+ -)d2U u, 

a a 
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generated by two consequtive Laplace transformations in the direction R^. It is an 
easy exercise to show that in general there are no solutions of period 2, that is, 
solutions, satisfying any of the equivalent conditions Li{u) = u or L2{u) = u. So 
we will look for solutions of period 4, which obviously can be characterized by the 
constraint Li{u) = L2{u) or, equivalently, 

dlu={^ + h + \)diu + p, 

(20 

dlu={^ + a+l)d2U + p, 

for appropriate p. Writing down the compatibility conditions of (2') with (2) and 
keeping in mind (14) we obtain the following equations for p\ 

dip = -d2U — diu + hp, 

(2") 

d2P = fdiu - d2U + ap. 

Moreover, the compatibility conditions of (2") are satisfied identically. Hence any 
periodic sequence of Laplace equations of period 2 possesses exactly 3-dimensional 
space of periodic solutions of period 4, which are described by an involutive system 
(2), (2'), (2")- Three linearly independent solutions of this system define a surface 
in 3-space, parametrized by coordinates R^, R^. This coordinate net is conjugate 
due to (2) and generates periodic Laplace sequence consisting of 4 surfaces —> 
Ml —>■ M| — * M| — > in the standard differential-geometric sense - see e.g. 
and references therein for the properties of Laplace sequences of period 4. One can 
also show, that the second quadratic forms of the surface and it's Laplace images 
have the special isothermic form in the coordinates R^, R?: they are proportional to 
{dR^Y + {dR'^y, so that all congruences, generating this Laplace sequence, are W- 
congruences, and the corresponding conjugate nets are the so-called R-nets. Since 
the radius- vectors of and M| satisfy one and the same linear system (2), (2'), 
(2"), these surfaces differ only by an affine transformation of the 3-space (although 
do not coincide). The same property holds for and M|. These considerations 
can be generalised to the case of arbitrary period n as follows: any periodic equation 
(2) of an arbitrary period n possesses {n — l)-dimensional space of solutions with 
the same period n - see e.g. 



Let us show, that any system of hydrodynamic type, which satisfies equations 
(15) and generates Laplace sequence of period two 

(A^A2)^(A^Al)-(A^A2), 

possesses a unique conservative representation 

~ fxi 

u\ = fl 
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of period 4. For that purpose we have to choose the densities u and the fluxes / in 
such a way that Li{u) = L2{u) and Li{f) = L2{f), where 

Li(/) = X'dju - + X'b + ^)d,u + /, 

Uf) = X'diu - + X'a + ^)d,u + /, 

a 

according to the transformation law of the fluxes, see Theorem 1. Finally we obtain 
the following system for the conserved densities u 

did2U = adiu + hd2U, 

dlu={^ + a)d2U-^, 

which can be obtained from (2), (2'), (2") by the reduction p = — ^ — This 
system is compatible and defines a 2-parameter space of conserved densities, provid- 
ing together with the corresponding fluxes the unique conservative representation of 
period 4. 



Laplace transformations of n-component sys- 
tems 



Lemma. Transformations Sij satisfy the identities 



Sij — Sik O Si 



kj 



id, 

Skj ° Sik, 



k ^ i,j. 



(17) 



The proof can be obtained by a direct calculation. The analogous identities are well- 
known in the theory of n-conjugate coordinate systems - see, e.g. 0, p. 275. /^From 
(17) it immediately follows, that transformations Sij form a free abelian group with 
n — 1 generators (one can take e.g. S12, Sin as the generators). 

In the language of ra-conjugate coordinate systems transformations Sij have been 



discussed in papers 0, [0, |]T0[, which partially duplicate the investigations 

of Darboux p. 274-275. The summary of these results can be found in the 



book [O . Higher dimensional Laplace invariants and terminating Laplace sequences 



have been investigated recently in [|1^, [jT4[, see also |2^, [^. Let us also point to 



the paper |T^, where the method of factorization has been successfully applied 
to construct Laplace transformations and Laplace invariants of multidimensional 
matrix differential operators of the first order. 

It looks promising to continue the investigation of transformations Sij, in par- 
ticular: 
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- investigate finite families of hydro dynamic type systems, whicfi are closed under 
all Laplace transformations Sij (analogs of closed Laplace sequences in the case 
n = 2). It looks likely, that these systems should enjoy the property of certain 
" extra" integrability; 

- study the behaviour of Hamiltonian structures under the Laplace transforma- 
tions Sij. We emphasize that local Hamiltonian structures of Dubrovin-Novikov 
type 01 are not preserved under the Laplace transformations. 

Let us give now a description of quadruples of 3 x 3 hydrodynamic type systems, 
which are closed under all Laplace transformations. Let the characteristic velocities 
of the systems E, Ei, Eg, Eg be respectively (A^ A^, A^), (A^A^A2), (A^A^Al), 
(A^, A^, A"^) - see the picture. 




The marked lines joining pairs of systems on the picture indicate, for instance, 
that system E3 can be obtained from E by the Laplace transformations <S'i2 and <S'2i 
(vice- versa, system E can be obtained from E3 by transformations 5*12 and 5*21). The 
lines are marked in accordance with the identities (17). As far as in our construction 
Sfj = id for any pair of indices the quadruples of systems under consideration 
are complete analogs of closed Laplace sequences of period 2. Formulas (8) result 
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in the complicated overdetermined system for the characteristic velocities A-*^ - 



and 



aiAi&Ai A1-A2' 9iA2S2A2 A^-A^ ' 

did-AX^ _ 2 didiX^ _ 2 

9iAic>aAi ~ A1-A3' aiAS^sAS " A3-Ai ' 

8293 A^ _ 2 8293 A3 _ 2 

diX^daX'^ ~ A2-A3' 92A3a3A3 " A3-A2 ' 

8182 A3 _ 2 81 82 A'* _ 2 

8lA382A3 A3-A4' 8iA482A4 A4-A3' 



8i83A^ ^ 2 8i83A^ ^ 2 

8iA283A2 A2-A4' 8iA483A4 A4-A2' 

8283A\ _ 2 8283A^ _ 2 

82AI83AI A1-A4' %A^8^ A^-Ai ' 



a \2 A^-A3 _ o \3A4-A2 o \1A2-A1 _ a \4A2-A1 



(18) 



Ai- 


-A2 


lA* 


-A3 


A2- 


-Ai 


1A4. 


-A2 


A3- 


-Ai 



A1-A3' ^1'' A3-A1 — A3-A4' 



^2A^ A2-A1 ~ ^2A^^2_a3 5 f^2A^^3_^2 — ^2A^ A3-A4' (^^) 

Q \1 A^-A^ _ o \2 A^-A^ Q \3 A1-A4 _ Q \4Ai^ 

i^szp- - O'sA ^^33^, C3A ^^23^ - CgA ^^2Za?- 

It follows from (19) that the cross-ratio of 4 characteristic velocities A^ - A^ is 
constant: 

(Ai-A2)(A3-A4) 
(Ai-A^)(A3-P) = ^ = 
Excluding A"^ one can rewrite equations (18), (19) in a simplified form 



8182A1 


2 


8182A2 


2 


81A182A1 


— A1-A2' 


81A282A2 


— A2-A1 


8183A1 


2 


81 83 A3 


2 


81A183A1 


~ A1-A3' 


81 A3 83 A3 


~ A3-A1 


8283A2 


2 


8283A3 


2 




~ A2-A3' 


82A383A3 


— A3-A2 



(20) 



and 



fx{X' - X^fdiX^ = (/X - l)(Ai - X^diX^ 

fi{X' - X'fd2X^ = (A^ - X'fd2X\ (21) 

(1 _ ^)(A2 _ A3)26»3Ai = (A^ - A3)293A^ 
so that (18), (19) are equivalent to (20), (21). It follows from (20), that 



(22) 



aiA^^iA^ = 




- A^) Via, 


d2X^d2X^ = 


(A^ 


- A^) V23: 


^lA^^iA^ = 






d^X^d^X^ = 


(A^ 






(A^ 


-X^fs,2, 


dsX'dsX' = 


(A^ 


- x^ys.s, 
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where (pij{K% R^), riij{K%W), Sij{R\W) are arbitrary functions of the specified 
arguments. Using (21) one immediately arrives at the following relations between 



so that 



fJ'<Pl3 ^ifJ'- l)?7l2, IJ'V23 = Si2, (1 - fJ,)r]23 = Sl3, 

(Pl3 ^{P-- l)<yfl(-R^), ^23 = ^2{R^), 

7712 (-R^), 7723 = <^3(^^), 

S12 = Si3 = (1 - fx)ip3{R^), 

where (pi{R^) are arbitrary functions, which can be reduced to ±1 by the appropriate 
change of Riemann invariants. In what follows we consider the case i^j = 1, so that 
equations (22) assume the form 

aiA^^iA^ = (// - l)(Ai - A2)2, d^X^d^X^ = (A^ - A^)^ 

SiA^^iA^ = l^{X' - X^f, dsX'dsX^ = (A^ - X^f, (23) 

d^X'd^X' = /x(A2 - A3)2, d^X^d.X' = (1 - I2){X^ - A3)2. 

We emphasize that (20), (21) are equivalent to (23). Let us demonstrate, that equa- 
tions (23) are equivalent to a special quadratic reduction of the (2 + l)-dimensional 
3- wave system. For that purpose we introduce differential 1-forms 

^ ~ y H-l (Ai-A2)(A2-A3) "'^ V M (Ai-A3)(A2-A3) ' 



2 _ rrj A2-A3 lyi 1 A^-A^ tnS (nA\ 

V/^(Ai-A2)(Ai-A3) "'^ 0^(Ai-A3)(A2-A3) ""^ ' 



, ,3 _ _ / ,, 1 A2-A3 TAl _ __l A^-A3 ,^2 

Ct; — fj, J-(^l_^2)(^l_^3) v7n:(Al-A2)(A2-A3) ' 

which are choosen in such a way that equations (21) become just 

uj^ A dR^ A dR^ = 0, 

A dR^ AdR^ = 0, (25) 
cu^ A di?^ A = 0. 

Moreover, the forms a;* satisfy the structure equations of the Lie group SO {2, 1): 

da;^ = A a;^ t/a;^ = o;^ A (ia;^ = a;^ A o;^. (26) 
Let us introduce the coefficients by the formulas 



(27) 





= (332dR^ 


— P23dR^, 




= PisdR' 


-P3idR\ 




= (3i2dR^ 


-P2idR\ 
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(the validity of such representation is due to (25)). Coefficients satisfy the 
nonhnear system, which is well-known in the theory of 3-orthogonal coordinates. 
This system results from the substitution of (27) into the structure equations (26): 

d2PlS = -/?12/?23, ^2^31 = -/?32/?21, (28) 

^3/^12 — 1^13/^32, 9^(321 — ^23/^31, 

and 

dlPl2 + 82^21 + /?31/932 = 0, 

ai/3i3 + 53/331 - P2 A3 = 0, (29) 

^2/323 + ^3/332 - /9l2/3l3 = 0. 

The transformation from A* to Pij is just the differential substitution of the first 
order. The explicit expressions for Pij can be obtained by comparing (27) and (24): 



P32 - y'^(;^i_a2)(a2_a3) 0'2A - ^ ^ (A1-A3)(A2-A3) , 



P23 - -y;[PT(Ai_A2)(A2-A3) + ^ — (ai_a3)(A2-A3) , 

— /TT A^-A^ o xi 1 A^-A^ Q \3 

Pl3 - V/"(Ai-A^)(Ai-A3) ^3 A - ^/p (ai-A3)(A^-A3) 0'3A , 

/531 = -V/^(Al-A2)(Ai-Aa) ^1^^ + ;^(Al-Aa)(A^-A3) 

/3l2 = l(Ai_A2)(Ai-A3) '92A^ - ^=x(aT3^2)(^2Za3) 52A^ 

(321 = V/^- l(Ai-A2)(Ai-A3) ^1^^ + (Ai-VHV-A^) ^l'^^" 

Moreover, equations (23) impose the following quadratic reduction on the coefficients 

^-/?L = -4, ^-/3i^3 = 4, ^-^=4. (30) 

Let us point out, that equations (28) are just (2 + 1) -dimensional 3-wave system, 
corresponding to the spectral problem 

d2Hi — —P21H2, d^Hi — —PS1H3, 
diH2 — —P12H1, dsH2 — —P32H3, 
diHs — P13H1, 82113 — (323H2. 

In order to comply with reduction (30) we introduce the parametrization 

1^32 = 2^ sh u, Pi2 = 2 ch u, 
(523 = 2^\J^ - 1 ch V, (3i3 = 2 sh V, 
P21 = 2^/]I^^ ch w, P31 = 2y/JI sh w, 
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so that equations (28) become 



diu = —2 sh w, d^u = 2y/JI sh v, 
div = —2 ch w, = —2^// — 1 ch u, (31) 

= — 1 sh u, d^w = 2y7^ ch v, 

(we point out, that after this substitution equations (29) are satisfied identically). 
After the appropriate rescaling of Riemann invariants equations (31) assume the 
simple form 

diu — sh w, dzu — sh v, 
div — ch w, — ch u, 

— sh u, d^w — ch v. 

Expressing v and w as follows 

V — arcsh d^u, w — arcsh diu, 

one can rewrite this system in the form of three pairwise commuting Monge- Ampere 
equations 



did2U = sh uJl + (diu)^, 



d2,d2U ^chu\jl + (dsu)'^, 

didsu = ^l + id,u)^^l + idsu)^. 

(up to the authors knowledge the problem of classification of commuting Monge- 
Ampere equations has not been addressed before). It looks promising to continue 
the investigation of finite families of n x n hydrodynamic type systems in Riemann 
invariants, which are closed under all Laplace transformations Sij. It is naturall to 
restrict oneself to the case when S^- = id for some k > 2. Examples discussed above 



support the evidence that the problem is nontrivial even in the simplest cases (n = 
2,k — 2) and {n — ?>,k — 2). The equations for the characteristic velocities of the 
corresponding hydrodynamic type systems should reduce to appropriate integrable 
reductions of the (2 + l)-dimensional n-wave system 

4 Laplace transformations of the Lame and rota- 
tion coefficients 

In the 2-component case the Lame coefficients hi , /i2 are defined by the formulas 

82 In hi = o, di In h2 — b. (32) 
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(33) 



It turns out that Laplace transformation (3) can be pulled back to the transformation 
of the Lame coefficients: the transformed Lame coefficients Hi, H2 are given by the 
formulas 

ZJ — h± — hih2 
■'■'1 b dih2^ 

H2 = = h2d2 In Hi, 

(see Darboux 0), so that 

d2\nHi = A, di\nH2 = B. 

In terms of the chain 

^1 InK- ^ 



n + l 5 



(34) 



82 In hi 



K. 



n — 1 ; 



transformation (33) reduces to the shift 

{Kl,h-2)-{h1^\hl+'). 
Formulas (33) can also be rewritten in terms of the rotation coefficients 

dih2 d2hi 
/3i2 = -r—, P21 = -7—, (35) 
hi h2 

namely, the transformed rotation coefficients /?i2,/32i are the following: 

/3i2 = ^ = /?i2(/5i2/?2i - did2 InPu), 

(36) 

n _ Mil _ 1 

The generalisation to the n-component case is straightforward: under the trans- 
formation Sij the Lame coefficients hi defined by the formula 

dj In hi = ttij 

transform into Hi as follows: 

TT _ h± _ hjhj 

Hj = hjAij = hjdj In Hi, (37) 

H, = h,{l-^=h,-^h„ k^z,j. 
Indeed one can verify directly that 

dj In Hi = Aij, 
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where are specified by (10). 

In a similar way the rotation coefficients 

transform into I3ij as follows: 



Pk^ = ^, (38) 

Pkl — Pkl -p — -, 

where fc, / 7^ i,j (compare with |19], p. 12). In order to check that indeed 

it is convenient to use the following equivalent representation for the transformed 
rotation coefficients Hi. 

u . ^ hi. 

ft. ' 

Hj = djhj - hjdj In Pij, 
Hk = hk- ^hj, k^i,j, 
and to keep in mind the equations 

dkPij = PikPkj, J ^ k, (39) 

satisfied by the rotation coefficients of an arbitrary semihamiltonian system. It 
should be emphasized that the transformed rotation coefficients satisfy the same 
equations (39) and hence transformations Sij written in the form (38) are just dis- 
crete symmetries of the (2 + l)-dimensional n-wave system (39). The role of these 
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transformations in the theory of n-wave system deserves a special investigation. 
Basically transformations Sij preserve neither the Egorov reduction 

nor the zero curvature reduction 

dAj + djl^ji + (^kihj = 

of the n-wave system (39). 

Remcirk. A way to generalize transformations Sij written in the form (37), (38) 
is to allow the rescahng 

Hs UsHs, Psi —Psh l^s const, 

where generically the scaling factors depend on Sij. One can always choose 
lis in such a way as to preserve the basic identities (17). The main purpose for 
introducing the scaling factors is the construction of solutions of the n-wave system 
(39) for which, say, Sfj — id (analogs of periodic sequences of period 2). For instance, 
one can show that when n > 3 there are no nontrivial solutions of (39) satisfying 
S^j — id if Sij are as in (38). However they do exist if we rescale Sij appropriately. 



5 Laplace transformations as symmetries of the 
Davey-Stewartson-type equations 

It should be noted, that Laplace transformation (5) for the characteristic velocities 

arises naturally as the symmetry of the (2-|-l)-dimensional integrable systems 

ft — fxx ~ ^rz7 + 2rj;it, 



^ — (r_s)2 ' 

and 

"^t — fyy — ^rj^S', 

St = ~Syy — + '^SyS, 

O '^y^x '^xSy 

>Jx — (r-s)2 ) 
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which have been discussed recently in ^ and are both equivalent to the Davey- 
Stewartson equations. These equations are invariant under the transformation 



1 

f = s, s = s — 



xy I 1 ' 



+ ^ 
if we define 

R = R+(ln^] , S = S+(\n^' 



y 

Formulas for f, s coincide with (5) after introducing the notation 

r = A\ s = A^ di = da:, 82 = dy. 
In a similar way Laplace transformation (36) for the rotation coefficients 

^12 = A2(/5i2/52i-aia2ln/3i2), 
arises as the symmetry of the Davey-Stewartson equations 

iUt = Uxx + Uyy " + Q), 

-ivt = v^^ + Vyy - v{p + q), 

= 2{UV)y, Py = 2{UV)^, 



which were shown in 15 to be invariant under the transformation 



u = u{uv - (Inw) ), 

g = g-2(lnw)^^. 
Formulas for {t, v coincide with (36) after introducing the notation 

/3i2 = M, (321 = v, di = d^, 82 = dy. 

6 Geometric background. 

In this section we give geometric interpretation of formulas (5) based on the corre- 
spondence between systems of conservation laws and line congruences in the projec- 
tive space. 
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Let us consider a 2 x 2 system (1) in Riemann invariants 

Rj = X^{R)Rl, 
Rl = \^{R)Rl, 



and choose any it's conservative representation 



where u = {u^{R), are conserved densities of system (1) with the correspond- 

ing fluxes / = {f^{R), p{R)). We recall that the densities and the fluxes satisfy the 
equations 

dif = X'diU, 1 = 1,2. 

Following we associate with (40) a congruence of straight lines in the 3-space 
{y^ , , y^) defined by the formulas 

= u^y° - 

y2 = u^yO _ f2_ 



2 _ „.2.,0 f2 (41) 



This correspondence was investigated in |T^, where it was shown that all familiar 
constructions in the theory of systems of conservation laws (40) have their natural 
geometric counterpart in projective theory of congruences. Let us recall the defini- 
tion of the Laplace transformation of congruence (41). Any congruence (41) has 2 

focal surfaces with the radius-vectors r and R: 



( 






( 




AV- 






AV- 










^ X^u" - 


P ) 



The curves = const and R^ = const are conjugate on both of the focal surfaces. 
The lines of our congruence (41) are tangent to the curves R^ = const on the focal 
surface with the radius-vector r and can be represented parametrically as follows: 

y=~r +tdi r^, 

so that equations (41) can be obtained by excluding parameter t. The Laplace 
transformation (in the direction R^) of congruence (41) is a congruence, formed by 
the tangents to the curves R^ = const on the second focal surface R: 



y=R +tdi R, 



or, in the components. 



yO = A2 + taiA2, 

= x^u' - /I + t(aiAV + (A2 - x')diu'), 

y2 = x^u^ -p + t{d,X^u^ + (A2 - X^)diu^). 
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Excluding t, we can rewrite these equations in the form 



where 



.1 _ .1 A2(A2-A1)9i»i _ r 
- J ^ fl7T2 - / 



alP b ' 

^ -J WJ? -J 



(we recall that a = p^p-, b = p^p). The system of conservation laws 

% - /2 (42) 

is called the Laplace transform of system (40). In Riemann invariants the trans- 
formed system assumes the form 

Rl = AHR)Rl, 

(we point out that the transformed system (42) has the same Riemann invariants 
as (40)), where the new characteristic velocities are given by formula (5): 

A' = A2, 

bdjX^ _ \2 1 



d2b—ab 8182^ I 1 



We emphasize, that the Laplace transformation of the characteristic velocities does 
not depend on the particular conservative representation (40) of the given system 

(1). 
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